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Abstract
In the case of using the higher derivative regularization for N = 1 SQED with Nf
flavors the loop integrals giving the β-function are integrals of double total derivatives in
the momentum space. This feature allows to reduce one of the loop integrals to an integral
of the δ-function and to derive the NSVZ relation for the renormalization group functions
defined in terms of the bare coupling constant. In this paper we consider N = 1 SQED
with Nf flavors regularized by the dimensional reduction in the DR-scheme. Evaluating the
scheme-dependent three-loop contribution to the β-function proportional to (Nf )
2 we find the
structures analogous to integrals of the δ-singularities. After adding the scheme-independent
terms proportional to (Nf )
1 we obtain the known result for the three-loop β-function.
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1 Introduction
The renormalization group (RG) functions of the N = 1 supersymmetric quantum electro-
dynamics (SQED) with Nf flavors are known to be related by the equation
β(α0) =
α20Nf
pi
(
1− γ(α0)
)
, (1)
which is called “the exact NSVZ β-function” [1, 2, 3, 4, 5, 6]. It was originally obtained for the
RG functions defined in terms of the bare coupling constant [1, 3, 4, 6]. A rigorous derivation
1
of this relation by summing supergraphs was also given in [7, 8] for the RG functions defined
in terms of the bare coupling constant using the higher derivative (HD) regularization [9, 10]
generalized to the supersymmetric case [11, 12]. This derivation is based on the observation that
all loop integrals giving the β-function are integrals of double total derivatives in the momentum
space. The factorization into integrals of total derivatives was first noted in Ref. [13], and the
factorization into integrals of double total derivatives was found in Ref. [14]. This feature was
also verified by the calculations in the lowest orders of the perturbation theory in non-Abelian
supersymmetric theories [15, 16, 17], and in theories with N = 2 supersymmetry [18, 19]. The
factorization of loop integrals for the Adler D-function of N = 1 SQCD into integrals of double
total derivatives was also proved in all orders of the perturbation theory [20, 21].
The factorization property valid for supersymmetric theories regularized by higher derivatives
gives rise to the exact NSVZ β-function for the RG functions defined in terms of the bare coupling
constant (at least for N = 1 SQED with Nf flavors). Due to this feature, one of the loop
integrals is an integral of the δ-function and can be calculated analytically. If the RG functions
are defined in terms of the renormalized coupling constant, the factorization into double total
derivatives allows to construct a concrete prescription which in the Abelian case determine the
NSVZ scheme in all orders in the case of using the HD regularization [22, 23, 24].
Nevertheless, supersymmetric theories are mostly regularized by the dimensional reduction
(DRED) [25], which is however mathematically inconsistent [26] in higher orders [27, 28]. There-
fore, it is interesting to investigate loop corrections to the β-function in supersymmetric theories
regularized by DRED and to look for structures similar to the integrals of the δ-functions, which
appear in the case of using the HD regularization. The minimal order in which the β-function
is scheme dependent corresponds to the three-loop approximation. (For the considered theory
at the three-loop level the inconsistency of DRED is not essential, see, e.g., [29].)
In this paper we explicitly demonstrate that structures similar to the integrals of the δ-
functions appear in the three-loop contributions to the β-function proportional to (Nf )
2. These
terms are especially interesting, because they are scheme-dependent, while the terms propor-
tional to Nf do not depend on the subtraction scheme [23]. Explicitly calculating the (Nf )
2
terms and adding the known scheme-independent contributions proportional to (Nf )
1 we obtain
the total three-loop β-function of N = 1 SQED with Nf flavors in the DR-scheme. The result
agrees with Ref. [30], in which the structures similar to integrals of the δ-functions were not
discovered.
2 N = 1 SQED with Nf flavors and its regularization by DRED
In this paper we consider massless N = 1 SQED with Nf flavors. In terms of the N = 1
superfields the action of this theory has the form
S =
1
4e20
Re
∫
d4x d2θW aWa +
Nf∑
i=1
1
4
∫
d4x d4θ
(
φ∗i e
2V φi + φ˜
∗
i e
−2V φ˜i
)
, (2)
where e0 is the bare coupling constant.
Quantum corrections in this theory will be calculated using the regularization by means of
DRED [25]. This implies that the algebra of supersymmetric covariant derivatives is the same
as in four dimensions, while the integrals over loop momentums (which remain after calculating
Grassmannian integrals over all θ-s except for the one) are calculated in the dimension d. Note
that the coupling constant in d 6= 4 dimensions is dimensionful, so that it is convenient to make
the substitution
2
e20 → e20Λε (3)
in the regularized theory, where Λ is a constant with the dimension of mass and ε ≡ 4 − d. In
this case e0 will be also dimensionless.
A part of the effective action corresponding to the two-point Green function can be written
in the form
Γ(2) − Sgf = − 1
16pi
∫
d4p
(2pi)4
d4θ V (−p, θ)∂2Π1/2V (p, θ) d−1(α, µ/p)
+
1
4
Nf∑
i=1
∫
d4p
(2pi)4
d4θ
(
φ∗i (−p, θ)φi(p, θ) + φ˜∗i (−p, θ)φ˜i(p, θ)
)
G(α, µ/p), (4)
where ∂2Π1/2 = −DaD¯2Da/8 denotes the supersymmetric transversal projection operator,
α = α(µ) is the renormalized coupling constant, and µ is the renormalization scale.1 The
transversality of quantum corrections to the two-point Green function of the gauge field follows
from the Ward identity.
3 Structure of the (Nf)
2 three-loop contributions to the β-
function
The three-loop expression for the function d−1(α0,Λ/p) of the considered theory can be
constructed using the results of Ref. [13].2 Keeping in the three-loop approximation only
scheme-dependent terms proportional to (Nf )
2, we can rewrite it in the form
d−1(α0,Λ/p) =
1
α0
+ I1 + I2 + I3 +O(α
2
0Nf ) +O(α
3
0), (5)
where α0 = e
2
0/4pi, the integrals I1 and I2 are the one- and two-loop contributions to the function
d−1, and I3 is a part of the three-loop contribution proportional to (Nf )
2. The part of the three-
loop contribution proportional to Nf is not considered in this paper. In the explicit form the
integrals Ii are written as
I1 = 8piNfΛ
ε
∫
ddk
(2pi)d
1
k2(k + p)2
; (6)
I2 = 16pie
2
0NfΛ
2ε
∫
ddk
(2pi)d
ddq
(2pi)d
(
2
k2(k + q)2q2(q + p)2
− 1
(k + q)2(k + q + p)2q2(q + p)2
− p
2
k2(k + q)2(k + p+ q)2q2(q + p)2
)
; (7)
I3 = −32pie40(Nf )2Λ3ε
∫
ddk
(2pi)d
ddq
(2pi)d
ddt
(2pi)d
1
t2(t+ k)2
(
2
k2(k + q)2q2(q + p)2
− 1
(k + q)2(k + q + p)2q2(q + p)2
− p
2
k2(k + q)2(k + p+ q)2q2(q + p)2
)
. (8)
1Usually, within the dimensional technique one sets Λ = µ, but in this paper we do not impose this condition in
order to show explicitly that all subsequent equations are similar to the ones obtained with the HD regularization.
2In Ref. [13] the HD method was used for regularization. However, the DRED integrals can be easily derived
from the ones obtained with the HD regularization.
3
In the case of using the HD regularization the expressions similar to I2 and I3 are related to the
one- and two-loop contributions to the function lnG, respectively, due to the factorization of the
corresponding integrals into integrals of double total derivatives in the limit p→ 0. In the case
of using the dimensional technique it is impossible to take the limit p→ 0, because loop integrals
are proportional to (Λ/p)nε, where n is an integer. That is why with DRED such a factorization
into integrals of double total derivatives evidently does not take place. Nevertheless, one can
try to find its analog. For this purpose, we first consider the two-loop integral I2 and add to it
0 = 16pie20NfΛ
2ε
∫
ddk
(2pi)d
ddq
(2pi)d
∂
∂qµ
(
qµ
q2(q + p)2k2(q + k)2
(
1− p
2
2(q + k + p)2
))
. (9)
Then, after some transformations the result can be rewritten as
I2 = 16pie
2
0NfΛ
2ε
∫
ddk
(2pi)d
ddq
(2pi)d
(
− ε
k2(k + q)2q2(q + p)2
− 2pµ ∂
∂pµ
1
k2(k + q)2q2(q + p)2
+
1
2
pµ
∂
∂pµ
1
(k + q)2(k + q + p)2q2(q + p)2
+
1
2
p2pµ
∂
∂pµ
1
k2q2(q + p)2(q + k)2(q + k + p)2
+
εp2
2k2q2(q + p)2(q + k)2(q + k + p)2
)
. (10)
From dimensional considerations it is easy to see that all two-loop integrals in this equation
are proportional to (Λ/p)2ε. This allows to make easily the differentiation with respect to the
momentum pµ, after which we obtain
I2 = εI2 + 16pie
2
0NfΛ
2ε
∫
ddk
(2pi)d
ddq
(2pi)d
(
ε
k2(k + q)2q2(q + p)2
+
p2(−2 + ε)
2k2q2(q + p)2(q + k)2(q + k + p)2
)
. (11)
As a consequence, the considered two-loop contribution can be presented in the form
I2 = 16pie
2
0NfΛ
2ε
(
ε
1− ε
∫
ddk
(2pi)d
ddq
(2pi)d
1
k2(k + q)2q2(q + p)2
+
ε− 2
2(1 − ε)
∫
ddk
(2pi)d
ddq
(2pi)d
p2
k2q2(q + p)2(q + k)2(q + k + p)2
)
. (12)
The second term in this expression is finite and proportional to ζ(3) in the limit ε → 0 [31].
Therefore, it does not contribute to the β-function in the DR-scheme. The first term is divergent.
Below we will demonstrate that it is related to the one-loop contribution to lnG. However, before
doing this, we first write the three-loop contribution I3 proportional to (Nf )
2 in a similar way.
Adding to it
0 = −32pie40(Nf )2Λ3ε
∫
ddk
(2pi)d
ddq
(2pi)d
ddt
(2pi)d
1
t2(t+ k)2
∂
∂qµ
(
qµ
q2(q + p)2k2(q + k)2
− p
2qµ
2k2q2(q + p)2(q + k)2(q + k + p)2
)
(13)
and making the transformations similar to the ones described above we obtain
4
I3 = −32pie40(Nf )2Λ3ε
(
2ε
1− 3ε/2
∫
ddk
(2pi)d
ddq
(2pi)d
ddt
(2pi)d
1
t2(t+ k)2k2(k + q)2q2(q + p)2
+
ε− 2
2(1− 3ε/2)
∫
ddk
(2pi)d
ddq
(2pi)d
ddt
(2pi)d
p2
t2(t+ k)2k2q2(q + p)2(q + k)2(q + k + p)2
)
. (14)
Note that deriving this expression we took into account that the three-loop integrals in the
considered expression are proportional to (Λ/p)3ε. Also we note that, unlike the I2 case, the last
term is divergent. However, it is easy to see that this divergence vanishes when one expresses
the bare coupling constant in terms of the renormalized one in the expression d−1 − α−10 .
Using Eqs. (12) and (14) the function d−1 can be presented as
d−1(α0,Λ/p) = α
−1
0 + 8piNfΛ
ε
∫
ddk
(2pi)d
1
k2(k + p)2
+64pi2α0NfΛ
2ε ε
1− ε
∫
ddq
(2pi)d
1
q2(q + p)2
∫
ddk
(2pi)d
1
k2(k + q)2
−512pi3α20(Nf )2Λ3ε
2ε
1− 3ε/2
∫
ddq
(2pi)d
1
q2(q + p)2
∫
ddk
(2pi)d
1
k2(q + k)2
ddt
(2pi)d
1
t2(t+ k)2
+finite terms +O(α20Nf ) +O(α
3
0). (15)
In this expression we do not write explicitly terms which are finite functions of the renormalized
coupling constant α = α(µ), related to the bare coupling constant by the equality
1
α0
=
1
α
− Nf
pi
(1
ε
+ ln
Λ
µ
+ b1
)
+O(α2), (16)
where b1 is a finite constant depending on the renormalization scheme.
Comparing the expression (15) with similar terms in the logarithm of the two-point Green
function of the matter superfields
lnG = −8piα0Λε
∫
ddk
(2pi)d
1
k2(q + k)2
+ 64pi2α20NfΛ
2ε
∫
ddk
(2pi)d
ddt
(2pi)d
1
k2(q + k)2t2(t+ k)2
+O
(
(Nf )
0α20
)
+O(α30), (17)
we obtain
d−1 − α−10 = 8piNfΛε
∫
ddq
(2pi)d
1
q2(q + p)2
−8piNfΛε ε
1− ε
∫
ddq
(2pi)d
1
q2(q + p)2
(lnG)1−loop
−8piNfΛε 2ε
1− 3ε/2
∫
ddq
(2pi)d
1
q2(q + p)2
(lnG)2−loops,Nf
+finite terms +O(Nfα
2
0) +O(α
3
0). (18)
The relation between the functions d−1 −α−10 and lnG was earlier found in all orders in the
case of using the HD regularization [7, 8]. It is given by the equality
5
dd ln Λ
(
d−1 − α−10
)∣∣∣
p=0
=
d
d ln Λ
(
One-loop− 16pi3Nf
∫
d4q
(2pi)4
δ4(q) lnG
)
. (19)
where Λ is now the dimensionful parameter in the HD term, One-loop denotes the one-loop con-
tribution, and the differentiation is made at a fixed value of the renormalized coupling constant.
δ4(q) appears from the integrals of double total derivatives due to the identity
∂
∂qµ
∂
∂qµ
1
q2
= −4pi2δ4(q). (20)
Due to the presence of lnG, Eq. (18) is an analog of Eq. (19) if the theory is regularized by
DRED. Comparing these equations we conclude that in the considered integrals the expression
1
2pi2
Λε · (L− 1)ε
1− Lε/2
∫
ddq
(2pi)d
1
q2(q + p)2
, (21)
where L is a number of loops, is an analog of the structure∫
d4q
(2pi)4
δ4(q), (22)
which appears after calculating integrals of double total derivatives with the HD regularization
in the limit of the vanishing external momentum.
Starting from Eq. (18) it is possible to find the expression for the β-function in the considered
approximation in the DR-scheme. The finite terms are not essential in this scheme. In our
conventions, the DR-scheme is obtained by subtracting ε-poles and powers of ln Λ¯/µ, where Λ¯ ≡
Λexp(−γ/2)√4pi. Calculating integrals in Eq. (18) using the standard dimensional technique
and making the renormalization we obtain that the corresponding contribution to the β-function
of N = 1 SQED with Nf flavors is
βDR(α) =
dαDR
d lnµ
∣∣∣∣
α0=const
=
α2Nf
pi
(
1 +
α
pi
− 3Nfα
2
4pi2
)
+O(Nfα
4) +O(α5). (23)
Adding the scheme-independent three-loop contributions proportional to Nf [30] we find that
the total three-loop β-function of the considered theory has the form
βDR(α) =
α2Nf
pi
(
1 +
α
pi
− (2 + 3Nf )α
2
4pi2
)
+O(α5). (24)
One can see that it agrees with the results of Ref. [30]. Note that this expression for the RG
function does not satisfy the NSVZ relation, which can be obtained from the DR-result only
after a special finite renormalization [30, 32].
4 Conclusion
We have demonstrated that the factorization of integrals giving the β-function of N = 1
SQED with Nf flavors regularized by higher derivatives into integrals of δ-singularities has an
analog in the case of using DRED at least for the three-loop scheme-dependent terms propor-
tional to (Nf )
2. Instead of the integrals of δ-singularities (which appear in calculating integrals
of double total derivatives) a certain typical structure appears. Presumably, the existence of
such a structure can allow constructing a prescription which gives the NSVZ scheme in all orders
of the perturbation theory if supersymmetric theories are regularized by DRED. If it is possible,
such a prescription will be an analog of the one constructed in Ref. [22] for the case of using
the HD regularization.
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